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Abstract
Mesh adaptation plays a critical role in balancing computational eﬃciency and numerical accuracy. Three types of mesh adaptation
techniques exist today, namely, mesh improvement, mesh reﬁnement and mesh simpliﬁcation, and for each of these, several
strategies have been proposed. Most of these strategies yield acceptable geometric mesh quality but provide limited control over
topological quality.
In this paper, we introduce a uniﬁed algorithm for all three types of mesh adaptation for quadrilateral meshes. The algorithm
builds upon the Minimum Singularity Templates (MST) idea proposed by the authors for improving the topological quality of
a quadrilateral mesh. The MST is extended here to deﬁne the concept of an αMST where a single parameter α controls mesh
adaptation: α = 1 for mesh improvement, α > 1 for mesh reﬁnement, and α < 1 for mesh simpliﬁcation.The proposed algorithm
generates mesh with high geometric and topological qualities. Further, it is non-hierarchical and stateless, and yet it provides an
arbitrary level of mesh adaptation. Finally, since cyclic chords can play an important role in quadrilateral mesh adaptation, we
provide a simple constructive algorithm to insert such chords using the αMST. Several examples are presented that demonstrate
the robustness, eﬃciency, and versatility of the proposed concept and algorithm.
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1. Introduction
Since inception, automatic mesh generating algorithms have been continuously evolving (see two surveys by
Bommes [3] and Owen [14]). These algorithms typically accept user’s requirements at a high level of abstraction
and produce a mesh with high geometric ﬁdelity for simulation. These mesh generators have greatly simpliﬁed ﬁnite
element simulations. A complete automation provided by these methods signiﬁcantly reduce the most time-consuming
phase of simulation, i.e. preparing a model from the underlying geometry. However, many problems facing engineers
and designers are dynamic in nature. Therefore, to balance computational eﬃciency and numerical accuracy, even a
high-quality mesh must be adapted. For example, in hypersonic ﬂow simulation, the mesh must be reﬁned near shock-
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waves, while in structural analysis, meshes must similarly be reﬁned and the quality improved near stress raisers; these
critical regions are typically not known a priori. A naive and ineﬃcient strategy would be to reﬁne and improve the
quality of the mesh everywhere, but this is impractical. It will lead to ﬁnite element models with large degrees of
freedom, slowing down the simulation. Instead, the meshes must be reﬁned and improved in critical regions, and
coarsened elsewhere, a process called mesh adaptation. Mesh adaptation ensures a balance between computational
eﬃciency and numerical accuracy.
For mesh adaptation to be eﬀective, it must be fully automated, eﬃcient, and versatile. Several such adaptation
strategies have been proposed for both simplicial (triangular and tetrahedral) and non-simplicial (quadrilateral and
hexahedral) meshes; the latter being signiﬁcantly more challenging [1]. The focus of this paper is on quadrilateral
mesh adaptation.
Once one or more regions have been identiﬁed within a mesh, the overall goal of mesh adaptation is to improve,
reﬁne, or coarsen the mesh in these regions, while respecting both geometric and topological quality constraints.
Geometric quality constraints include aspect ratio, skew, distortion, shear, etc.; current adaptation strategies are typ-
ically capable of respecting such geometric constraints. The topological quality, on the other hand, is determined by
the number of nodal singularities in the mesh; for a quadrilateral mesh, a mesh node is regular if it has four inci-
dent edges, otherwise it is singular (or irregular) node. Existing mesh adaptation strategies provide limited control
over topological quality since it is considered hard to optimize and manipulate topology of a quad mesh, resulting
in a large number of singularities. Excessive singularities can,unfortunately,lead to (1) numerical instability in CFD
applications [20], (2) wrinkles in subdivision surfaces [11], (3) irrecoverable element inversions near concave bound-
aries, (4) helical patterns [2], (5) produce visible seams in texture maps, and (6) breakdown of structured patterns on
manifolds.
A second limitation of current mesh adaptation strategies is that they are speciﬁc to the type of mesh adaptation,
i.e., diﬀerent strategies are needed for mesh improvement, mesh reﬁnement, and mesh simpliﬁcation, and several such
strategies must be combined in practice.
In this paper we describe a uniﬁed and robust algorithm for quadrilateral mesh adaptation, with control over both
geometric and topological qualities. The algorithm is based on the Minimum Singularity Templates (MST) proposed
in [22]. While the MST was used to remove singularities in a mesh, it is extended here to deﬁne the concept of αMST
where a single parameter α controls mesh adaptation: α = 1 for mesh improvement, α > 1 for mesh reﬁnement, and
α < 1 for mesh simpliﬁcation. A second salient feature of the proposed algorithm is that it is non-hierarchical and
stateless, making it easy to implement.
2. Basic Deﬁnitions and Proposition
In this paper, we use standard meshing terminology. However, for clarity of exposition, we reiterate few of them.
Deﬁnition 1. The valence of a vertex vi is the number of edges incident on it. A vertex with ”n” valence is denoted
by Vn. An internal vertex with valence 4 is considered regular, otherwise it is an irregular or a singular vertex. An
internal vertex with valence 2 is a called doublet.
In this paper, we consider only V3 and V5 singular nodes as all other high valence nodes can be converted into
V3 andV5 nodes using standard atomic face open or face close operation [1].
Deﬁnition 2. A patch is a sub-mesh with disc topology (Figure 1). Furthermore, we assume that the boundary nodes
of the patch are ordered counter-clockwise. We designate some boundary equally spaced nodes N ∈ {3, 4, 5, 6} of
the patch as corner nodes and call the patch as N-sided patch. A side of the patch is deﬁned as the mesh boundary
between two consecutive corner nodes (Figure 2).
Deﬁnition 3. A Chord in a quadrilateral mesh is a set of quadrilateral elements formed by traversing opposite edges
of a quadrilateral starting from an edge. There are two types of chords in a topological valid quadrilateral mesh:
1. Boundary Chord: A chord which contains two boundary edges is called a boundary chord. In fact, in any
topological valid quadrilateral mesh, any chord starting from a boundary edge must end at some other boundary
edge (Figure 3a).
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non-hierarchical and stateless, yet it can arbitrarily adapt any number of quadrilateral elements in a patch while main-
taining the geometric quality. Moreover, our reﬁnement and simpliﬁcation are stable as applying these operations
do not deteriorate the geometric quality of elements. The simplicity of implementation and generality are two key
advantages of our approach. We also present one way to automate the mesh adaptation with a single parameter α.
One additional advantage of our approach is that all these operations are easy to unroll if the application of these
templates does not match the users expectation. Simpliﬁcation, in particular, is very attractive, as it does not use
the dual-chords concept, which although simple, is not very intuitive from end users perspective. Our method also
provides deterministic control over the number of quadrilaterals and singularities. However, our method requires im-
provement in handling narrow regions. Currently, in very narrow regions few singularities could cause high distortion.
Anisotropic reﬁnement and simpliﬁcation are important in many applications and in near future, we plan to explore
similar simplicity using these template.
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